The solution of a (stochastic) differential equation (SDE) can be locally approximated by a stochastic expansion, a linear combination of iterated integrals. Quantities of interest, like moments, can then be approximated with the expansion. We present a formula for the case where the drivers of the equation are time and Wiener processes. We also present a Mathematica implementation of the result.
Introduction
We consider the stochastic differential equation
where the drivers W i are Wiener processes. By convention, we set time as the zeroth driver: dt = dW 0 t . We call J α (t) the Stratonovich iterated integral according to the multi-index α, α i running from 0 to n − 1. We call I α (t) the Itô iterated integral according to the multi-index α:
Our aim is to arrive at a formula for the expectation of J α for all α. We will use two well-known results: the expectation of Itô iterated integrals I α is very easy to calculate and a recursive formula link the two iterated integrals. Specifically: [1] ) From this, we can derive a closed formula for the expectation of any J α .
2 Formula for EJ α Lemma 1. J α = c β I β + p α I 0,0,...,0 where the first sum is done over some words β which all contain at least 1 non-zero letter. c β and p α are reals, p α can be zero. We denote q α the number of zeros in the last Itô integral.
All quantities depend on α but the exact values of β and c β will be of no interest for us here. In other words, the lemma states that J α can be written as linear combination of Itô iterated integrals, with at most one of them of the form I 0,...,0 . The proof comes easily by recursion on the length of α, allowing p α to be equal to 0. This result holds for all type of drivers; it is not limited to Wiener processes.
Proof. The lemma is true for ℓ ≤ 2:
1ds = I 1,1 + 1 2 I 0 Assume the lemma is true for words up to length < ℓ and consider a word α of length ℓ. Three cases are possible:
• α ℓ = 0 We have:
where all β's have at least 1 non-zero letter.
• α ℓ−1 = α ℓ = 0 We have:
We have:
This follows directly from lemma 1 by taking the expectation on both sides. EJ α = 0 iff p α = 0, i.e. iff J α has an I 0,...,0 component. Proof. This comes from the proof for result 3: if we are in case a), we integrate J α− with respect to time, so q α = q α− + 1. In case b), we integrate J α−− with respect to time and divide by 2, so q α = q α−− + 1 and p α = p α /2. Thus, for example:
= 1/2 6/2 t (0+6/2) /(0 + 6/2)! = 3 Mathematica implementation
The result in theorem 1 can easily be implemented in Mathematica. This iterative implementation is to replace a recursive one, as it requires less memory and is faster, computing the expectation in at most ℓ iterations (where ℓ is the size of word α). 
Conclusion
Using a relation between Stratonovich and Itô integrals, we derived a simple formula for the expectation of Stratonovich iterated integrals when the drivers are Wiener processes. This result was then implemented in Mathematica.
